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RE b E— X, MAHZEEREG R ZE NSRS 5 L \\W) T BE
NMEL7BEETH D, AAHZE R E R GR D & RBEI 720 R & HE R R E
25Z2%.

RE M =R 21X, 1930 RIS Poincare ° Hopf ¥ DFIC X D HE LI
C®7=RE =2 HWT, MAHZEBHEG GRS 2H@mTH 5.
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Daniel Gray Quillen

Daniel Gray Quillen tZ 1964 12 Harvard K*~TC Raoul Bott ® % & TIRM
7 ERICBE S 253 [Quitd] 2 FH =, L5 2 Hf5 L, Massachusetts T
BIRZZHE D, Daniel Marinus Kan D g8 321 TREBI NIRRT D iff
REIHD T

Z LT, L5 ZHS L7 3 #4%" Homotopical algebra” [Qui67] TE T L

BEEA L. F72, @B K BEmCES 2 0Ec &k b, 1975 4RI
Frank Nelson Cole E%#%E L, 1978 £\ Fields ExX % E L /-.
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Model category

£ 7V 1967 4£1Z Daniel Gray Quillen 12 & - T" Homotopical
algebra” [Qui67] T A X417z weak equivalence, fibration, cofibration & \»
IR E L OETRWEGE2ATHIDTH S.

ETFNVEOEANC XY, AR AE IR A 72 0B e OBD D 28D
91T o 7. EEE, Viadimir Voevodsky FETF VB OEREFWT
Milnor TAR % FERA L, 2002 4F1 Fields BE% 2 E L 7-.

F#IZ simplicial set SRERE S (00, 1)-category 72 EIIET VA & 7R B
HoTWVW5.
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Simplicial set

simplicial set 1% 1950 %1 Samuel Eilenberg & Joseph Abraham Zilber IZ
X 5T [EZ50] THAZRI M EREMNAEEF L L L THA S F O
BCREUS T S 7z simplex & XN 255 & face map & degeneracy
map & X % BAR T simplicial identity Z A7 35D TH 5.

1950 1R T, degeneracy map D72\ simplicial set (% semi-simplicial
complex ¥ FEX, BILE simplicial set & FEIEANLTW S B DI complete
semi-simplicial complex %° c.s.s.complex & FEHII T W7z,

BT, simplex category LR L TERINSL I HZW.
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Derived category

B BE X 1967 FEIC Alexander Grothendieck D242 D Jean-Louis Verdier
12K 5T [Vel67] TEA X N7 T —ILE D cochain complex D E D
£ M —EERFES O ITHEEAR TR LZHDTHS.

ERE NIRRT LIS HWSRS. M2 D-INEE D F G- ATt
RETHRIPERNMERTH D, R TIEIHEL RO THWSLNS.
50, TEEF S T MR IO WS THEREICKR TV 5.
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(00, 1)-category

(00, 1)-category 1213k A IRETIVHBH % 3, 5B quasi-category Z 55
bl N

quasi-category {Z 1973 12 Michael Boardman ¥ Rainer Vogt IZ & - T
[BV73] TEA XN RWHEE % A7 simplicial set T D, Kan complex
LB D nerve DFRIKF—RLTH 5.

[BV73] TIXBITE quasi-category & FEIEXIL TV % & DI weak Kan complex
IR T W,
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Definition of simplicial set

RELBBRDZTE R Set L KT

Definition 2.1 (simplex category, simplicial set)
ne NIZHL, [n]:={0,1,2,--- n} ZEENRIEF CIHFES L ART.

ne NIHNLTEEZIBFES [n] LIEFZROEIRD 7% 3 % simplex
category W\, A ¥ RF . F7z, BIF A —Set % simplicial set £ 5.

D% D, simplicial set X A LORIETH 5. simplicial set D&% sSet & &
L, KHEDIAAZ y: A —sSet ¥ KT .

simplicial set 134k % 72 RWHEE ZF5023, Quillen 1XXD 2 >DMHHEICH%
DF7e.
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1 D HIE—f% D simplicial set Tl simplicial homotopy I3HE D R R
DI VDITH LT Kan 23 [Kan56] TEA L 7z Kan complex TIX R < #iR
S LVIHRTHS.

Definition 2.2 (Kan complex)

K 13 simplicial set TH D AEED neN 2EED0< i < n EEED
simplicial map f: A7 — K120 L, AT ORI % A2 3 % simplicial map
f: A" — KDfFES % & % Kan complex TH 2 £ 9.

N —F K

An
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Kan complex and injective module

Kan complex DERIIER LD IBEDOEZT D 2 AGHNBED EFITFHLLL
TW5.

Definition 2.3 (ASHINEf)

RZMRIRE T 2. MERMEFTH D, EED RINBEN, L EAEE D HES
BEAER N - L EROHERREHR N - MIZH L, LUTF D
RIS HMERBIEUR f: L - M DBFIES 5 L ZAGNEECH D &
Wi,
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Geometric realization and singular complex
2 D HIZ simplicial set ¥ (MHHZEE DR TH 5.

[n] WCHR L, FEHE p R XX B 2T F: A —»Top & % % & @k
XD, yIFAFly 21835,

| — | :==y"F: sSet—Top % R(ZHEHET & L,
Sing := Fly: Top—sSet % singular functor £\ .

sSet
|-
y X
Sing
A 5 Top
kb £ VEAM
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Geometric realization and singular complex

Milnor {Z{EE D Kan complex 12Xt L, K — Sing |K| 23 simplicial
homotopy [FIfEEARTH % Z & EAEED CW BRI L, |Sing X| — X 53
FREME—[AEERTHSZ Z 2R L7z, ZHIZED, simplicial set D7k
E M@ MMHEROKRE FE—MmIIFEALFRLTHS Z b
5.

Quillen 1% Gabriel & Zisman 73 [GZ67] TE®R LB ORAticd HED
7.
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Localization

[ D JR AT C i 3HEPR DA LS 2 T MA 2 205 6D TH 5.

HRBRT7 A 77 LTEOS L AR DS 2 ANz Lgh 5T
= % quiver O HHEZHTNZEHAIUIRWE WS OBNENELID, DT
B ERBEARINCE S WS EE L TWE 00057\, Z Z T Gabriel
¥ Zisman I3 D EARINCE IR TE 254 %2EZ-DTH 5.

B D F AT L IRE SR B O RS IC & RE R,
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Derived category

7 —~ VI of D cochain complex D% C(&) £ RL, ZDKRE P —

Bz K(o) £ RT.

Definition 2.4 ($FIZ4T)

7 —~ULE D cochain complex D4f f: A — BIXEED n€Z XL, a
ATV Y — OB H(f): H?(B) — H"(A) 23583 % & RS 4St
WV,

RFETUGHITERR ZED 5.

Definition 2.5 (&R &)

7 —~VE o DERE LI K(o) &R O 72 SRR TRAME L %
ETH5.
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Replacement

4 % T simplicial set & itHZE & 7 — OV DOEREZ AT X720
Quillen 1FRD 3 FAEBIL TW B Z iKWz,

simplicial set % Kan complex \IZHXD IpZ 60 5.
fAHZERNE CWEIELLS XD CWHEIRICIRD 2 60 5.

7 — VR DI RIS RRPHR 7 T & D ASTHIN R OGS
RN RICWMD PR 5N 5.
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Quillen 1E TERD 222 %1 T EIWZFEEH LD, 2z R TIE R L SHoNE
TR XS5 & L7z, Z 2T fibration & cofibration 12 H Z 17 7=.

Definition 2.6 (Serre fibration)
FAHZEE O E D ERE B p: E — B A% CW Bk X & A=
Xx{0} —F—— E

[ :

X x[0,1] ——— B

L, EREES H: X x [0,1] — E TRIR
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Fibration and cofibration

Xx{o} —" > E

3IH

Xx[0,1] ———— B

AT 2D DMFET % & = Serre fibration £ W19 .

X % CW KT { EEDOMMEZERNICE 2 723 D % Hurewicz fibration
JARESN
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Fibration and cofibration

fibration DA ¥ LT cofibration 235 5.

Definition 2.7 (cofibration)
NIAHZEE D DRGSR i+ A — X DSAHRNE

_ Y[Ov]-]

A
,'l evo
X— Y

L, Ef S H: X — YOU o
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Fibration and cofibration
H

A H_ yloy

JH

XY

ZAICT 5 b DPTFEIET % & & cofibration £ W 5. F7z, i(A) RS

D ¥ = closed cofibration £\ 5.

Theory of model category Reference
0000000000 0000

CCETOXRLDE LTUTITDVEETH 2.
MAC) EARLEVDDDDH 5.

TIRD 2T S DDDH 5.

73 £ 7 VEAM
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Mor &

ETNVEZERT DM EHE T 5.

BT, ¢ OtenRel, f: A Bt g: C— DITHL, MR

A— N ¢

B—i> D

iz (h i) % f D g DT TE Mor € DEES. %7z,
BHF
dom: Mor¥ — €

codom : Mor 4 — €
W w

w w

frA—-B — A f:-A—-B — B

PHET 5.

73 £ 7 VE AR 24 /56



Outline Introduction Observation
o 0000000 0000000000000

Retract

Model category Theory of model category Reference
008000000000 00000000 0000000000 0000

Definition 3.1 (L b Z 2 )
¢ kB35 KK

~

DBAHETHEL E, flEgDL I 7 WV,
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Functorial factorization

Definition 3.2 (Functorial factorization)
¢ ZEY 3% 2O00DF a,: Mor € — Mor € 73,

domoa = dom,
codomo 8 = codom,
codomoa = domo f,

VFeMor %, f = B(f)oalf)
Zii/z 3 & =, (a, B) % functorial factorization £\ 9.

dom(f) f codom(f)

codom o a(f) = dom o §(f)
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Functorial factorization

dom o 3(f) = codom o a(f)

>
-
oy)

u domof(u,v)=codomoa(u,v) v

@
o)

dom o 3(g) = codom o a(g)

ZHETS.
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Definition 3.3 (Lift)
CxBElEL, fLgZ ¢ DHET5 2D =, A

L]

D lift 1%, h€ Homy(B,X) Ti=hof ¥ p=goh %53 bDTH 5.

X
lg
Y
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Definition 3.4 (right lifting property, left lifting property)

‘5 ZEICL, f,g B CDHETE. ZDEE, FH gL, left lifting
jgerty a3y F 720X, g S FITHL, right lifting property % %D & 13,

=YOLEI kT (5RY
A X

B 44444444» Y

XL, lift h € Home (B, X) BFEET 22 2 TH 5.
A X
B 1%

73 £ 7 VEAM
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Definition of model structure

Definition 3.5 (<& 7 /L)

¢ BT 5. ¢ DETAMEL X 320 Mor € D& E W,Cof Fib
& 2 DO functorial factorization(a, 3), (7,8) T T 27T dDTH 5.

2-out-of-3

€ D f, g codom f = dom g 2T 5. DL E,
f,g8,80fDIBALHLB2OBRWIIBELTWERHIX, D
D1D2HWIZELTWS.

Retracts

f.ge®ZCDHEEL, fegDretract L 3T5. ZDLE, ghWIZ
FBLTWARLIEFIEWIZELTED, g2 CoflZELTWVWS

RO FIECofITBLTED, gBFbIZBEBLTWARLIIFIZ
FibIZEL TW5.
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Definition of model structure

Lifting

Cof & W O IZJET 24 f 1L Fib IZJE T 24f g 1x L, left
lifting property & &%, Cof IZJ& 3 24t f & Fib & W DJlj /712 )&
3 55 g I L, left lifting property % b .

X
lg
Y

X

3 zlg
Y

>

N
|

We— >

|
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Definition of model structure

Factorization

EEDC DH FITHL, a(f) X Cof TET2HTHD, B(F)I1F
Fib X WOMAIZETA2HTH 5. £/, (EED € D& £ I1Txf
L, y(f) 1% Cof & WO FIZET 2 TH D, §(f) X FibiZ/E
TEHEHTHS.

o(f) 7(f)
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Definition of model category

W (283 % 4] % weak equivalence, Cof IZJ& 3 % 5t % cofibration, Fib IZJ&
3 % 51 fibration, Cof £ W DO 5128 S % € DHt% trivial cofibration,
Fib ¥ W QWi /51283 3 € D&% trivial fibration £ 5 1

Definition 3.6 (<& 7 /L)
TP ORFEMTET NMEEZ D OB EZET LVELE WS,

MAT) AR LZWVD DD 5 weak equivalence ZEA L, THLD X 7=
W] HDODEDIEHD S cofibration ¥ fibration ZE A L 7-.

ISENEZHAZR S, <, —, &, 5 TRT
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Cofibrant object and fibrant object

T bmzzv] bOERROIBERTED =720, FREHRIZS DT,

ETFVENIZRDP ORTARR D TIEFR 0 MR 1 Z2HD.

Definition 3.7 (cofibrant object, fibrant object)

TEXTER D 5 DS 0 — A 23 cofibration D ¥ &=, A % cofibrant & W\, &5t
RADH B — 123 fibration D ¥ =, B % fibrant £\ 5 .
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Cofibrant replacement functor

CEETNVEETS.

BEXT SR S DG 0 — A DfEIZ X D, cofibrant replacement functor & IFE
Bh2EFQ: ¢ — ¢ =155%.
EBE Ac e, Kt

o(f) B(f)

D Q(A) € ¢ EIEEH,
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Cofibrant replacement functor
h € Homg (A, B) 125t L, AT

0 ‘ A
idoh Qh) ‘/h (1)
0 ‘ B
; c
a(g) B(g)

Q(B)
D Q(h) € Homy(Q(A), Q(B)) % HHiE & BAUZEL:.
F72, (1) &b, B2 tirivial fibration TH % HARZHLB: Q — idy &
5%.
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FIRRIZ, BT RADEH A — 1 D3f#IZ & D, fibrant replacement functor &
MIEN2BEFR: € — € ®155.
EKIE, Ac g izxtL, KX

A f

y(f) 5(f)
R(A)
D R(A) € € ZXIHEE,
b
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Fibrant replacement functor
h € Homg (A, B) ixt L, KX

R(A)
() 5(f)
A
f 1
h‘/ R(‘h) ‘idl (2)
L,
N
~(8) 5(8)
R(B)

D R(h) € Homy (R(A), R(B)) % (X #4US EL.
F7z, (2) &0, B3 A trivial cofibration TH 2 HAZE M a: idy — R %
5%,
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Example of model category

Example 3.8 (Top @ Quillen & 7 /L)

PIAHZERS & HEE B D 72 3 P& Top 1% weak equivalence #53KE + ¥ —[H]
fEB G Y L, fibration % Serre fibration ¥ L, cofibration % tirivial fibration
WZXF U left lifting property % A7z 3 ERE ED D L ETNEE R 5.

Z DE TR Quillen ET LG WS .

Example 3.9 (Top @ Strgm € 7 /LHE1E)

A AEZERE R BAR D 72 3 P& Top & weak equivalence % 7K€ + ¥ —[Fl{H
By L, fibration % Hurewicz fibration ¥ L, cofibration % closed
cofibration L EDH B L ETIILEL 5.

ZDETIVIEER Strgm ETURGE S W S .
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Example of model category

Example 3.10 (sSet @ Kan & 7 /L)

simplicial set & simplicial map @ 7% 3 [& sSet & weak equivalence % {f]
FHEBHBEF TS O L THAE MY —[FAEBIRIZZ % simplicial map &
L, fibration % Kan fibration & L, cofibration % inclusion X € % & €7
NEE RS,

ZDETNEEE Kan ETAREE WS

Example 3.11 (Ch>o(R) D€ 7 /LA )

BRI AR R EOIEED chain complex D72 3 & Ch>o(R) & weak
equivalence Z#EFEIAIE R ¥ L, cofibration Z{EED n > 01K L, f, HIH
B0 Coker f, 238521972 chain map & L, fibration Z{EED n > 0 12%f
L, fo 328272 % chain map EED DB L ETNVEE 5.
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Example of cofibrant replacement functor

Chso(R) 12 Example 3.11 O F U % AUz & %, (M,)n € Chso(R)
73 cofibrant TH 5 Z L1355 M, DB E WS 2 ThH 5.
X o T, BAARTHUER R Lo hn#E M % chain complex

0 0 M
& %472 LT cofibrant replacement functor Q Z & % &, Q(M) IX5f 501
TH5.
b EFLEARM
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Cylinder object and path object

E7NVEDKRE b E—IX cylinder object ¥ path object Z FHHWTER X
ns.

Definition 4.1 (cylinder object)

CEhRETIVEEL, AcC $5. XcCHPREDEEEI /LN
B idaJida: AJ[JA—= A% AJJA— X S AL PfRT % & X, cylinder
object £\ 5.

Definition 4.2 (path object)

CHrRETNEIE L, AcC 255, X c€PEEOEZEE»HEOND
Btida xida: A2 AxAZAS X » Ax AL f#ST % & &, path object
EWn9,
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Left homotopy and right homotopy

Definition 4.3 (left homotopy)

CHRETLELL, f,g: A= B% ¢ DT 5. AD cylinder object X & € Dt h: X — B »°
FEL, UTORRZRHUCTZ L %, f 1% g ¥ left homotopic 2V, h % f 25 g AD left
homotopy & \9 .

X

IS

AJJA—— B
i flle

Definition 4.4 (right homotopy)

¢ EETNVEEL, f,g: A= B% € D35, B D path object X ¥ € D4t h: A — X 2M1F
FEL, UTORAZAH#ICT S & X, f 1X g & right homotopic £\, h % f 225 g A D right
homotopy &5 .
X
P

A—— BXxB
fxg
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Homotopy and weak equivalence

domain 723 cofibrant object T codomain %3 fibrant object D & &, left
homotopy ¥ right homotopy I3—33 5. ZD ¥ %, HiiZ homotopy & \»
5. %7, cofibrant £>D fibrant 7% object DF] D weak equivalence I
homotopy THEFITTZ 5.

Proposition 4.5

¢ ETIVE, A B % € D cofibrant 7> fibrant 7% object, f: A— B %
COHRETE. 2Dk E,

f 23 weak equivalence

<~
€ DY g: B— ADTEEL, gof H3ida ¥ homotopic 22D fo g Aidg &
homotopic
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Homotopy category of model category

Definition 4.6 (homotopy category)

€ EETNLELTS. ZDLE, € D weak equivalence ZFER L T35
Fift % R € b E—E 2\, Ho(¥) &R T.

Quillen IZE T VE D RE b B —EBH cofibrant 5> fibrant 7% object ¥ &t
DERE I —HFHORITELFETHE I ERLT.
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Derived functor

Definition 4.7 ((E2RBETF)

¢ xZETNVE, 2 2B, F: € — 2 ZBTF, Ho: ¢ — Ho(¢) ZmtBFL 3
5. ZDr = Holliho7z F DA Kan kiR % F OFEREATF ¥ W\, Ho IZih -
7= F O Kan 5B % F OAEREF L WS,

Ho(%) Ho(%)
e ﬂ HofF Holx ﬂ HolF
4 = 9 & — 9

Definition 4.8 (&EREHT)

€, 92 %ETNVE, F: € — 2 %HF, Ho: € — Ho(¥),Ho': 2 — Ho(2) %R
FiftBFE 53, 2D r X, Ho lZiho 7= Ho' o F Of Kan kiR % F D& /FER
BT LW, Ho IZih o 72 Ho' o F OF Kan kiR % F ORHEREF L WS .

73 £ 7 VEAM 48 /56




Reference

Outline Introduction Observation Model category Theory of model category
0000

o] 0000000 0000000000000 000000000000 O0O00000 0000008000

Adjoint functor

Proposition 4.9

C.C. 9,9 %8, S C—>C.T: 92— 2 %8F F4G: ¢ — 2 &tk
BIF L U, #oi4G Kan 83K SH(T o F) L HEN/E Kan 35k T1(S o G) H377F
ET2LT5. ZOLE SHToF)ATH(S0G): ¢ -2 L%k5.

ol

73 £ 7 VEAM 49 /56
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Homotopy and weak equivalence

Theorem 4.10

C,2%ETNVEFAG: € — 2 ZFEfEBETF 2 L, FIZ € D cofibrant
object DD weak equivalence Z{R%, G 1 Z D fibrant object DE D
weak equivalence ZfRD ¥ 3 5. ZD ¥ X [EFEREF

Ho!(Ho' o F) 4 Ho'T(Ho o G): Ho(%) — Ho(2) D FIET .

Ho' (Ho'oF)
Ho(%) L Ho(2)
%
Ho'f (HooG)
Ho}k Ho’
F N
€ L "9
G
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00000000000000000000 0000000080

o] 0000000 0000000000000

Quillen adjoint

Definition 4.11 (Quillen Ff#)
C.PD%ETNVE FAG: € — 2 2EHEFL 2. 2ok & LUITIEA

ETH3.
F 73 cofibration ¥ trivial cofibration % f£D.
G 7 fibration ¥ trivial fibration Z{R£D.
F 73 cofibration 1%, G 79 fibration = {RD.
F 73 trivial cofibration &%, G 73 trivial fibration % {£D.

NSO TREE F 4 G % Quillen Btk WS . /- F 2 K
Quillen BAF 2 VW, G 24 Quillen BAF 2 W5 .

Theorem 4.12
C,2%ETNVE, FH4G: € — 2% Quillenfiftr 55%. Zor =, Bl
BT Hot (Ho' o F) 4 Ho'(Ho o G): Ho(%) — Ho(2) BFIET 5.

73 £ 7 VEAM 51/56



Outline Introduction Observation Model category Theory of model category Reference
o 0000000 0000000000000 00000000000000000000 0000000008 oooo

Quillen equivalence

Definition 4.13 (Quillen [F]{H)

C.2%ETNVE, FAG: € — 2% Quillen fift 5%, Zor =, Bt
BT Ho¥(Ho' o F) 4 Ho'f(Ho o G): Ho(%) — Ho(2) D3 FfE%E 5% % &
X FHG % Quillen FIfEE WS .

Quillen X pointed 72 €7 VB D KR E b E—EIZBWT, loop functor,
suspension functor, fibration sequence, cofibration sequence, Toda brackets

IRERRA ISR EFE L, Quillen F{EA ZN O 2RO L 2R L.

Quillen 1IZ X HIC—ROEFNLEDRER Y —2ER L.
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